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Exact Analysis of Three-Phase Rectifiers With
Constant Voltage Loads

Predrag Pejovi¢ and Johann W. Kolar

Abstract—In this paper, an exact solution of a circuit model
for a three-phase rectifier with constant-voltage load and ac-side
reactance that operates in the continuous conduction mode is
presented. Obtained results are compared to the results provided
applying sinusoidal approximation, published previously. It is
shown that the sinusoidal approximation provides acceptable re-
sults at low output voltages, with the accuracy being decreased for
the output voltages approaching to the discontinuous conduction
mode boundary. Computational complexity of the exact solution
is about the same as for the solution obtained applying sinusoidal
approximation.

Index Terms—Alternator, commutation, converter, generator,
load matching, load regulation.

I. INTRODUCTION

HE TOPIC of this paper is an exact solution for the elec-
T tric circuit model of the rectifier presented in Fig. 1 for the
continuous conduction operating mode. The rectifier of Fig. 1 is
assumed to provide constant output voltage Vou, thus the load
and the output filter are represented by a constant voltage source.
It is also assumed that the rectifier is supplied by a three-phase
voltage source by symmetrical ac side reactance, having an in-
ductance L per phase. Although it might be expected that anal-
ysis of such circuit is readily available in literature, according
to a detailed search presented in [1] it was not the case. Thus,
in [1] analysis of the circuit presented in Fig. 1 is approached
applying sinusoidal approximation [2].

Other relevant previous results include analyses of
single-phase rectifiers with ac-side impedance and capac-
itive loading [3]-[7]. Three-phase rectifiers are treated in
[8]-[11]. These analyses primarily focus to inductive or con-
stant-current loads, with some exemptions. In [8], rectifiers
with ac-side reactance and capacitive loading are analyzed, but
covered topologies are single-phase and three-phase midpoint
rectifiers. In [10], normalized diagrams obtained applying
simulation methods are presented for three-phase rectifiers
with capacitive loading and ac-side reactance, but they cover
discontinuous conduction mode. In [11], the rectifier model the
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Fig. 1. Three-phase diode bridge rectifier with a constant-voltage load and
ac-side reactance.

same as presented in Fig. 1 is briefly analyzed applying simula-
tion methods, but the analysis is restricted to the discontinuous
conduction mode at high output voltages.

In this paper, analytical expressions for the rectifier input cur-
rents will be derived, which is a basis to derive other analytical
expressions, like the dependence of the output voltage on the
output current, etc. Results of the exact analysis of the rectifier
model will be compared to the results obtained applying sinu-
soidal approximation.

II. ANALYSIS OF THREE-PHASE DIODE RECTIFIER WITH
CONSTANT VOLTAGE LOAD

Let us assume that the rectifier of Fig. 1 is supplied by a bal-
anced undistorted three-phase voltage system

vk:Vmsin<wt—(k—1)2%> (1)

for k € {1,2,3}. In order to generalize the results, let us nor-
malize all voltages using the phase voltage amplitude as a base
voltage

@

v
m= —.
Vin
According to this normalization, the output voltage is normal-
ized to

Vour
Vi

Mour = 3)
The analysis presented here is based on representation of the
rectifier diodes by ideal diode models. However, in the case
the diodes should be represented taking forward voltage drop
into account, the output voltage in that case could readily be
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obtained subtracting twice the forward voltage drop from the
output voltage obtained in the case the diodes are ideal. In terms
of the notation applied in [1], this means

Vour =V, + 2V4. (€]

To simplify the notation further, let us normalize all of the rec-
tifier currents taking V,,, /wL as a base current

L
i= g 5)
and let us represent the time variable by a phase angle equivalent
p = wt. (6)

After the normalization is introduced, the inductor equations in
the circuit of Fig. 1

di
L= = v —vxi @
for k € {1,2,3} are transformed to
dj
f = my — mxg. ®)
14

In the analysis that follows, symmetries of the voltages and
currents at the rectifier ac side, summarized by

2 4
AOES: (so + %) = js <<P + ?”) ©)

and

3 3
are going to be used frequently. Besides of this type of sym-
metry, the circuit of Fig. 1 also exposes a half-period symmetry
given by

mxi(p) = mx2 <<.0 + 2_7r> =mx3 (@ + 4—7T> (10)

Jr(e) = =gk +7) (11

and

mxi(p) = —mxp(p + ) (12)
for k € {1,2,3}.
According to [1], voltages at the diode bridge input terminals

are given by

¢ (s — glomnCi) +senCia) +sentia)) . (19

Applying symmetry properties (9) and (11) to determine
signs of the rectifier input currents, and defining ¢ as the first
rising zero crossing of ji () for ¢ > 0, the waveform of m x1
is for Moyt = 1.2 obtained as depicted in the second diagram
of Fig. 2. The waveforms of mx1, mx2, and m x3 are obtained
as piecewise constant, taking constant values over 7/3 phase
angle segments. According to (13), there are four distinct values
these voltages can take, +(1/3)Mour and £(2/3) Mour.

Applying the symmetry given by (11) and the fact that the
inductor currents are continuous in time, we have

J1(¢+7) = ji(¢) = 0. (14)
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Fig. 2. Waveforms at the ac side of the first phase of the rectifier.

Integrating (8) and substituting in (14), taking the waveform of
mx1 as depicted in Fig. 2, we obtain

o+
4
(m1 () = mx1(9))dp = 2c0s 6 — - Mour = 0

©

15)

which results in

¢ = arccos(%rMOUT> . (16)
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(%’r Fa(o- @) Mour — cos(p), foré < o< ¢+ 7
2 2
i) = (54 50=9) Movr—coslo), forg 4T <p <o+ a7
(5+30-9) Movr -coste), foro+ 2 <p <ot

This is the key moment in obtaining the exact solution. After the
zero crossing angle ¢ is obtained, waveform of the input current
at the first phase is applying (8) obtained as (17), shown at the
bottom of the page, for ¢ < ¢ < ¢ + =. For the remaining half
period, 71 is computed applying (11), while the waveforms of
the remaining two of the phase currents are determined by (9).
Waveform of the inductor voltage mp1 = m1 — mx; at the
first phase is presented in the third diagram of Fig. 2, while the
corresponding input current waveform is presented in the fourth
diagram of the same figure.

The output current of the rectifier is computed as a dc com-
ponent of the current flowing through the dc voltage source that
models the load,

27
1
Jout = o /(jD1(<P) + jp2(®) + jp3(w)) dp.  (18)
0

Applying symmetry and the knowledge about the input current
signs during the period, (18) could be reduced to a computation-
ally simpler form

o+

Ji(e) do (19)

3
J = —
OUT = 5 '
¢
which provides the analytical expression that relates the output
voltage and the output current

1 7
JOUT = g 81 — 47['2M%UT.

Normalized value of the rectifier output power is

Mou
Povur = MourJour = ;TLT \/81 —dm2 My (21)

and it reaches maximum of

(20)

7
Pourmax = ypo) ~ 0.6839 p.u. (22)
at the output voltage
9v2
Mour = % ~ 1.0128 (23)

which is within the limits of the continuous conduction mode.

In the same manner, RMS value of the input currents is com-
puted as

V6
Jrus = a\/ZM%UT(SWQ —108) + 243 (24)

and the power factor observed by the ideal voltage sources is
obtained as

2 243 — 1212 M2
PF = ZMour. Toour
T 243 — (216 — 10m2) M2

All of the results are derived for the converter operating in
the continuous conduction mode. Analyzing the waveforms, the
critical point for the continuous conduction mode is the state
transition at ¢, where the input current should continue to grow
after the inductor voltage is reduced by the circuit commutation.
The condition could be expressed as

(25)

) 1
sm(qﬁ) > §MOUT (26)
that can be transformed applying the phase angle (16) to
M, < ) ~ 1.2926 27
ouT o a2 .

The continuous conduction mode boundary is derived in [1] ap-
plying the same condition as given by (26), but due to the dif-
ference in the phase angle [1, eq. (24)] the limit given by of [,
eq. (34)] is somewhat higher

MouTsa < ~ 1.3916. (28)

36 + w2

III. COMPARISON OF RESULTS

After the exact solution is obtained, it is interesting to com-
pare the results to the results obtained applying sinusoidal ap-
proximation. The result for the phase angle of the first rising
zero crossing of the first phase current is in [1] given by (24),
which is in the notation applied in this paper

- 2
¢sa = arctan ( ) -1
2Mout

(29)
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Fig. 3. Comparison of results for the phase displacement.

The curve determined by (29) is plotted in Fig. 3 by the dashed
line, while the solid line presents the exact solution given by
(16). It should be mentioned here that (29) has a physical
meaning of the phase displacement between the phase voltage
and the phase current in [1], while (16) does not have that
meaning since the input currents analyzed in this paper contain
higher order harmonics. However, in both of the cases ¢ repre-
sents phase lagging of the waveform of vx} in comparison to
the corresponding phase voltage vy, for k € {1,2,3}.

Probably the most interesting of the comparisons is the com-
parison of the output current equations. Reference [1, eq. (25)]
is in the notation applied in this paper expressed as

3 2 2
Jour,sa = —{/1— <_MOUT> . (30)

T ™
This curve is in Fig. 4 plotted by the dashed line, while (20)
is plotted by the solid line. In the diagram of Fig. 4 it can be
observed that agreement between the curves is good at low
output voltages, where the input currents are slightly distorted.
However, the difference grows as the output voltage grows,
reaching the maximum at the continuous conduction mode
boundary where the sinusoidal approximation predicts 31.87%
higher output current than the exact solution.

The result for the power factor obtained applying sinusoidal

approximation, given by [1, eq. (26)], is expressed in the nota-
tion applied in this paper as

PFss = 2 Mous (1)
and differs from the exact expression for the power factor given
by (25) only in the correction factor under the square root of
(25). Agreement of the results is excellent, since the sinusoidal
approximation provides the result that is about 0.11% higher
than the exact value, with the relative error almost independent
on the output voltage.
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Fig. 4. Comparison of results for the output current.
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Fig. 5. Dependence of the input current THD on the output voltage.

The basic idea that stands behind the sinusoidal approxima-
tion is to neglect the higher order harmonics. Thus, THD of
the input currents cannot be computed applying the sinusoidal
approximation. Dependence of the input current THD on the
output voltage obtained by the exact analysis is plotted in Fig. 5.
As expected, the THD is low for low output voltages, reaching
the maximum of about 9% at the continuous conduction mode
boundary.

General conclusion from the comparisons is that the input
currents are slightly distorted in the continuous conduction
mode and that sinusoidal approximation is appropriate, pro-
viding somewhat inaccurate results only in predicting the output
currents close to the continuous conduction mode boundary.
Howeyver, the exact solution of the rectifier model has about the
same computational complexity, but provides the exact result.
On the other hand, cases when the supplying reactance contains
a resistive component are not covered by the exact solution,
and sinusoidal approximation is an option to get some results.
In the case higher accuracy of the results is required, numerical
simulation of normalized circuit model should be applied.
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IV. CONCLUSION

Exact solution of the rectifier model for a three-phase diode
bridge rectifier loaded by a constant voltage load and supplied
from symmetrical voltage sources by ac-side inductance is pre-
sented in this paper. Normalization of the rectifier voltages and
currents is proposed in order to simplify the analysis and to gen-
eralize the results. Waveforms of the input currents are derived,
as well as the dependence of the output voltage on the output
current. Maximum of the dc power that can be supplied to the
load is derived, as well as the input current RMS value and the
power factor. Exact limit for the rectifier output voltage to pro-
vide operation in the continuous conduction mode is derived.
Obtained results are compared to the results provided applying
sinusoidal approximation. It is shown that sinusoidal approxi-
mation provides generally acceptable results, being more accu-
rate at lower output voltages, where harmonic distortions of the
input currents are lower. At the continuous conduction mode
boundary, the sinusoidal approximation predicts 31.87% higher
output current than the exact solution, which is the highest dis-
crepancy between the solutions. Besides the results obtained ap-
plying sinusoidal approximation, the exact solution of the rec-
tifier model provides information about the input current THD.
Both of the solutions have about the same computational com-
plexity.
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